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This paper deals with the Cauchy problem 
u,-llu,,+up=o; --co<x<+m, t >o, 
44 0) = u,(x); -03 <xi +m, 
where 0 ip < 1 and U,,(X) is continuous, nonnegative, and bounded. In this case, 
solutions are known to vanish in a finite time T, and interfaces separating the 
regions where u(x, t) > 0 and u(x, t) = 0 appear when t is close to T. We describe 
here all possible asymptotic behaviours of solutions and interfaces near an 
extinction point as the extinction time is approached. We also give conditions under 
which some of these behaviours actually occur. 0 1992 Academic Press, Inc. 
1. INTRODUCTION 
Consider the Cauchy problem 
2.4, - u,, + up = 0; -m<x< +a, t > 0, (1.1) 
4x, 0) = u,(x); -co<x<++, (1.2) 
where 
O<p<l, (1.3a) 
uO(x) is a continuous, nonnegative, and bounded 
function which is not identically zero. (1.3b) 
By standard results, (l.l), (1.2) has then a unique, nonnegative classical 
solution u(x, t). As a consequence of assumption (1.3a), this solution 
* Partially supported by CICYT Grant PB90-0235 and EEC Contract X1-0019-C. 
353 
0022-247X/92 $5.00 
Copyright Q 1992 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
354 HERRERO AND VELAZQUEZ 
exhibits some features which are absent when p > 1. For instance, there 
exists T> 0 such that u(x, t) f0 if t < T, but u(x, t) = 0 for any t > T 
(cf. [K]). T is then called the extinction time of u(x, t), the set E= (xg R: 
there exist sequences {xn} *x,t,+Tasn-+cosuchthatu(x,,t,)>Ofor 
any n} is termed the extinction set, and points in E are called extinction 
points. On the other hand, solutions may develop dead cores, i.e., regions 
where u(x, t) = 0, even when uO(x) is everywhere positive; cf. for instance 
[BF, EK, BS, RK, FH, HVl, CMM]. 
In recent years, the question of describing the behaviour of solutions 
near the extinction time has received considerable interest. Let us describe 
but a few results in this direction. If z+,(x) has a single maximum and 
lim IxI + m uO(x) = 0, it follows from work in [EK, CMM] that 
(i) The extinction set E consists of a single point, E = {x0} for some 
-PIER 
(ii) For any te (0, T), the positivity set Q+(t) = {x : u(x, t) > 0} has 
the form Q+(t)=(c,(t), c2(t)), where for i= 1, 2 the functions x=ii(t) are 
continuous and such that lim, t T ii (t ) = x0. 
The curves x = ii(t) are usually called interfaces or free boundaries. On 
the other hand, it follows from the results in [FH] that, if U,,(X) is 
compactly supported, with a single maximum at x =O, symmetric (i.e., 
uO(x) = uO( -x) for any x), and satisfying some geometrical assumptions 
(cf. (1.8) in [FH]), the following results hold true 
lim,,.(T-t)- Ml -P’u(x, t) = (1 -p)l/(l -P), 
uniformly on sets 1x1 < C( T- t)“’ with C > 0, (1.4) 
There exist constants ci and c2 such that, for any t close enough to T, 
{x:~x~~c~(T-~)~‘~}~~+(?)~(x:~x~~c~(T-~)~’~}. (1.5) 
Notice that, for any T > 0 
u,(x, t)=((l-p)( T-t)):i(‘+‘), (1.6) 
where (s) + = max{ s, 0}, is an explicit solution of (1.1) which vanishes at 
t= T. 
To formulate our first result, we need to introduce some notation. First, 
for m = 1, 2, . . . . we define polynomials H,,,(y) as 
H,,,(y) = c,f7,(y), where c, = (2m’2(4~)1/4 (m!)1’2)-’ and 
R,,, ( y ) is the standard m th-Hermite polynomial. (1.7) 
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Let x0 be an arbitrary real number. Following [GP, GK], we perform the 
change of variables 
24(x, t) = (T- t)“(‘%qy, z), y=(x-x,)(T-t)-“2, z= -ln(T-r) 
(1.8) 
and linearize about ~5 = (1 -p)“(l -p) (which corresponds to (1.6) in the 
new variables), by setting 
@(y, ?) = (1 -p)I’(l-p)+ Y(y, 7). (1.9) 
We then have 
THEOREM 1. Let u(x, t) be a solution of (1.1~(1.3) which vanishes at 
t = T and is different from u*(x, t) in (1.6). Let x = x,, be an extinction point 
of u, and let Y(y, z) be the function defined by (1.8), (1.9). Then the 
following alternative holds, Either 
lqy, T) = _ (4nP4 (1 -P)l’(l -r) H,(y) + o .- 





or there exist C > 0 and an even integer m b 4, such that 
Y(y,z)= -Ce “-“/2”~m(y) + o(e(‘-w)T) us 5+ co, (1.11) 
where in (l.lO), ( 1.11) convergence holds in Cf;,” for any u E (0, 1) and k 2 0. 
We next focus on the case where (1.10) takes place, and prove 
THEOREM 2. Let u(x, t), T, be as in the statement of Theorem 1, and let 
x=x0 be an extinction point of u. Assume also that (1.10) holds. We then 
have 
% (T- t)- 
l’(l--p)u(~,,+@(T- t) [lo&T- t)l)“2, t) 
= (1 -P) 
1,(1 -p) 
( 
1 _ (1 -p* l’(’ -p), 
> + 
(1.12) 
untformly on sets 151 < R with R > 0. Moreover, for t close enough to T, there 
exist continuous functions c,(t), c2(t), such that 
u(x, t) > 0 in (x0 - c,(t), x0 + c2(t)), andfor some 
6>0, u(x, t)=Oin [xo-~I(t)-~,xo-~,(t)],andin 
cxo + l2(t), x0 + C*(t) + a, (1.13a) 
lim CAtI 
rtr (T- t) Ilog(T- t)l = 
for i=l,2. (1.13b) 
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The corresponding result when ( 1.11) is satisfied reads as follows 
THEOREM 3. Let u(x, t), T, be as in the statement of Theorem 1, and let 
x=x,, be an extinction point of u. Assume now that (1.11) holds. We then 
have 
l$(T-t)-l’(L-p)u(~O+~(T-t)l’m; t) 
= (1 -P) l/Cl-P) (1 _ c,( 1 -p)-l/u -P’Cyy -P), (1.14) 
where c, and C are as in (1.7), (l.ll), unzformly on sets 151 <R with R > 0. 
Moreover, for t close enough to T, there exist continuous functions S,(t), 
S,(t), such that 
u(x, t) >O in (x0-- S,(t), x0 + S,(t)), andfor some 6 > 0, 
u(x, t) = 0 ifx E [x0 - S,(t) - 6, x0 - S, (t)] or 
XE [x0 + s,(t), x0 + S,(t) + Sl, (1.15a) 
for i=l,2. (1.15b) 
Notice that, as a consequence of Theorems 1-3, if u(x, t) & u,(x, t) for 
any T > 0, the extinction set of u consists of isolated points. This fact has 
been previously proved in [CMM] under the assumption that uo(x) has 
compact support. 
We finally address the actual occurrence of the behaviours described 
previously, and prove 
THEOREM 4. (a) Assume that uo(x) has a single maximum. Then there 
exist x,E[W and T>O such that (1.12) and (1.13) hold. 
(b) There exist an initial value uo(x) and a constant C> 0 such that 
(1.14) and (1.15) hold with m = 4. 
To our knowledge, the asymptotics described in Theorems l-3 were 
conjectured for the first time in [GHV], where the possible behaviours of 
solutions and interfaces near an extinction point were formally obtained by 
the method of matched asymptotic expansions. We conjecture that for any 
even number m with m 2 6 there exist initial values uo(x) and constants 
C> 0 such that (1.14) and (1.15) hold for such m, but we have been unable 
to prove this fact so far. 
We conclude this introduction with a few remarks on our methods. 
When (1.1) is replaced by 
24, = u,, + up; XER, t>o, p> 1, (1.16) 
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it is well known that solutions of (1.16), (1.2) may exhibit blow-up 
behaviour, which is said to occur if 
lim sup (sup u(x, t)) = + 00 
ttT* XER 
for some finite T*, which is then called the blow-up time of U. It has been 
already noticed in [FH] that, while extinction and blow-up are different 
phenomena, their analysis can be performed to some extent in a parallel 
way. We shall keep to this viewpoint in this note, which in some respects 
can be viewed as a companion to [HV2, HV3]. In these papers, we 
examined the Cauchy problem (1.16), (1.2), and showed that a dynamical 
system approach (to be recalled later) provides detailed information on the 
behaviour of solutions near blow-up. To mention just a particular example, 
we proved in [HV2, HV3] that, if uO(x) has a single maximum and the 
corresponding solution of ( 1.16), ( 1.2) blows up at x = x,, and t = T*, it 
follows that 






uniformly on sets 151 < R with R > 0. (1.17) 
Notice the striking analogy between (1.12) and (1.17). Actually, the main 
technical difference between the extinction and blow-up cases lies in the 
onset of interfaces, which cannot appear in Eq. (1.16). These will be dealt 
with herein by means of an asymptotic analysis to be performed in 
Sections 4 and 5 below. 
Finally, the plan of this paper is the following. Some preliminary facts 
(including a priori estimates for solutions, and the description of a suitable 
functional framework) are gathered in Section 2. A weaker form of 
Theorem 1 (where C is a real constant and m is a positive integer larger 
than or equal to three) is then proved in Section 3, whereas Section 4 is 
devoted to the proofs of Theorem 2 and a particular case of part (a) in 
Theorem 4, under the assumption that u,, is symmetric with respect o the 
point where it achieves its maximum. We conclude with a study of flat 
extinction behaviours, consisting in the proofs of Theorem 3 and part (b) 
in Theorem 4. These can be found in Section 5, where the- proofs of 
Theorem 1 and part (a) in Theorem 4 are also obtained. 
409/170/2-Z 
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2. SOME AUXILIARY RESULTS 
2.1. Preliminaries 
We begin by obtaining some a priori estimates on solutions of (l.l), 
(1.3). The first one is 
LEMMA 2.1. Let U(X, t) be a solution of (l.lk(1.3). Then for any 6 >O 
and R > 0, there exists C = C(6, R) such that 
uniformly when t > 6 and 1x1~ R. (2.1) 
Proof: This follows from Bernstein’s method as, for instance, in [FH, 
Lemma 2.31. 1 
We now have 
PROPOSITION 2.2. Let u(x, t) be a solution of (l.l), (1.2) which vanishes 
at t = T. Then there exists M > 0 such that 
u(x, t)<M(T-t)‘i”pP’ for any x E Ft. (2.2) 
Proof: We shall argue by contradiction, and assume that there exist 
sequences {x,}, It,,}, {C, > with lim, _ a, t, = T, lim, t m C, = co, such that 
u(x,, t,) 2 C,( T- t,)‘j” -p). (2.3) 
By the variation of constants formula, we see that for any i> t > 0, 
U(X, i)=S(i-t)u(x, t)-/‘S(i-s)u(.,s)Pds, 
I 
where S(t) denotes the usual heat semigroup. We now take i= T, and use 




Let us write now 
d-7 s) = S(T-SM., s), H(-,4=~k)“&. s 
Then (2.4 ) can be recast as 
-H’( .) t) < H( -, t)P. 
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As H( ., T) = 0, an integration yields 
H(., t)<((l -p)(T- t))!p) for t < T, 
and since g( ., t) < H( ., t) for any t < T (cf. (2.4)), we obtain 
(44T- f))p1’2 j 
Iw 
exp (- ‘4;;---‘i;) u(& t) & 
<((I-p)(T-t))‘i”-+ 
Using now (2.1)-(2.3), we have 
(2.5) 
C, u(x, tn)(1-p)‘2~~(~,, t )(1-p)‘2-C(~-xX,I >-2-(T-tJ1’2 W-9 
provided that x E C, = { y E [w : 1 y - x,1 < (C,/2C)( T - t)“*}. Setting t = t, 
in (2.5), we deduce from (2.6) that, for some C, >O, 
((1-p)(T-r.))1’(1-‘)T(4n(T-r.))~1’2~~”exp(-~~T+-~j;)u(C,r.)dS 
n 
z Cl(CJ ‘/(l-P) (T- #(l-P) 
and taking n large enough, we achieve a contradiction. 1 
We next derive a first asymptotic result as the extinction time is 
approached, namely 
PROPOSITION 2.3. Let u(x, t), T, be as in Proposition 2.2, and assume 
that x=x0 is an extinction point of u. We then have 
f’t”T u(x,+x(T- t)l’*, t)(T- t)-l’(l-P)= (1 -~)l’(‘-~), 
uniformly on sets 1x1 < 8 with 8 > 0. (2.7) 
The proof of Proposition 2.3 requires the following auxiliary result, 
which is a minor variant of Theorems 3 and 6 in [KKl ] (cf. also [KK2]). 
LEMMA 2.4. Let y(x) be a nonnegative, bounded, and classical solution of 
XY’ Y y”-~+l-yp=o; -co<x< +co. (2.8) 
Then y(x) = 0 or y(x) = (1 -p)‘/(l -p). 
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Proof of Proposition 2.3. Arguing as in [GK], we deduce from 
Proposition 2.2 that 
liiy(x,+x(T-t)“2, t)(T-t)-l’(‘-P)=y(x), 
uniformly on sets 1x1 6 0 with 8 > 0, 
where y(x) is a nonnegative, bounded, and classical solution of (2.8). By 
Lemma 2.4, y(x) = 0 or y(x) = (1 -P)~‘(‘~~), and we have to rule out the 
first possibility in order to conclude the proof. To this end, we shall argue 
by contradiction, and assume that 
f’r”T 24(x() + x( T- t) ‘12, f)(T-t)-‘A-P)=O, 
uniformly on sets 1x1 6 8 with 0 > 0. (2.9) 
For fixed y E R and ,J > 0, we now consider the functions 
u: (x, t) = u,(x, t; y) = A- l’(l-p)u(y + ;11’2x, T- il+ At). (2.10) 
It is readily seen that, for any such 2 and y, 
(v:),=(u~)x,-(u~)P when XER, te(0, 1). 
Moreover, by Proposition 2.2 
There exists M > 0 such that v: (x, t; y ) < M for any choice 
of A and y as above, and t E (0, 1). (2.11) 
On the other hand, it follows from (2.9) that for any E > 0 and 8 > 0, there 
exists t, = tO(c, 0) such that 
u(x,+x(T-t)1’2, t)(T-t)~l’(l~P)<c, 
uniformly for 1x1 < 0, t B t,. (2.12) 
Now fix E > 0 and 0 > 2, and let t, be as in (2.12). Then, if 
ye [x0-- (8/2)(T- t,)“*, x,,+ (0/2)(T- t,)“‘], we have that 
u(y+x(T-t,)“*, t,)(T-t)~l’(‘~P)<E, uniformly for 1x1 <i. (2.13) 
For any such y, we now consider the following auxiliary function, which is 
reminiscent of a similar choice in [EK] 
w(x, t)=w(x, t;+y+y Ix--y12’(‘--p), (2.14a) 
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where 
i.e., 
h’ + hP = 0, h(0) = 2.5, (2.14b) 
h(t)=((2s)‘PP-(1-p)t)~(1PP), 
BM, where M is as in (2.11) and 
Cp,l = 
A quick computation reveals now that 
(2.14~) 
w,-w,,+wp>o in Qo= (x,t):lx-y~~~,Oiril 
i 1 
(2.15) 
whereas, by (2.11), (2.12), and (2.14) 
w > v,$, on the parabolic boundary of Qs, provided that we 
select &, = T- t,, with to as in (2.12). (2.16) 
It then follows from (2.15) (2.16) that 
w(x, t) 2 u$ (4 t) in Q,. 
In particular, since h(t) = 0 if t 2 (2s)’ -“/( 1 -p), we deduce that, if E > 0 is 
small enough, ~~(0, t; y) = 0 for t E (l/2, l), i.e., 
u(y, t,+(T-t,)t)=O for tE (4, 1). 
We now allow y to range from x0 - (e/2)( T- t0)l12 to x,, + (o/2)( T- to)“‘, 
to obtain that 
4K t) = 0 in the cylinder Q = (y, t) : t, + i (T- to) < t < T, 
x,-;(T-t,)112<x<x,+;(T-t,,)1~2 
I 
which contradicts the assumption of x0 being an extinction point of 
44 t). I 
For convenience, we shall state here the following variant of our 
previous comparison argument, which will be used later in Section 4 
(cf. Lemma 4.4 there). 
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LEMMA 2.5. Let E, 9, ,a, A and T be given positive numbers, and let 
v,(x, t) be a nonnegative C2’l function such that 
(VA k 4vJxx - 4 in QL,r={(~,t):I~I<L,0<t<2T}, 
u,(x, 0) < 8 
v,(x, t) < M 
Zf, in addition 
for 1x1 GL, 
in QL,T. 
cp, 1 as in (2.14c), 
it then follows that 
v,(O, t) = 0 when T<t<2T. 
Proof We merely replace w(x, t) in (2.14a) by 
2 M-P) 
W(X, ‘)=F+y $ 
0 
) 
where g(t) = ((20)ldp- (1 -p)t)y(‘-P), and argue as in the previous 
result. [ 
2.2. The Functional Framework 
To prove Theorems 1-4, we shall consider new variables y, r, and 
@(y, z) as in (1.8), in which case @ solves 
#j =Qj _y%+ @ -- 
r YY 2 
@P. 
l-p ’ YE R 
-log(T)<?< +co. (2.17) 
We then take !P(y, r) as in (1.9), and notice that !P(y, r) satisfies 
(2.18a) 
where 
f(Y)= -((l-~)“(~-~‘+ Y’)p+(l-p)‘“‘-pJ+~, (2.18b) 
so that f(s) = O(?) as s + 0 (here and henceforth, we shall freely use the 
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customary asymptotic notations 0( .), o( .), N, . ..). Let q > 1 and k be a 
positive integer. Following [GHV, HV2], we define 
L;(R)= gELy,,(R):[R Ig(s)19e-“2’4ds< +co), 
i 
H:(W)= {gEH~,,(lR) :forany je [0, k], g”‘(x)ELi(W)}. 
It is readily seen that L:(R) (resp. LY,(R), 1 <q < co, q 22) is a Hilbert 
space (resp. a Banach space) when endowed with the norm 
Ilgll* = (g, g> =jR g(s)2e-“2/4 ds (resp. llgll;,w=/R Ig(s)19 cszi4 ds 
) 
(2.19a) 
whereas, for k > 1, 
IIgll’,~= i j (g(j)(s))2ec”2’4 ds. 
j-0 R 
(2.19b) 
A crucial point in our approach consists in considering (2.18) as a dynami- 




YY 2 ’ 
D(A) = H;(rW). (2.21) 
The reader will notice that A is a self-adjoint operator in L:(R), having 
eigenvalues A, = 1 -m/2; m = 0, 1, 2, . . . . The corresponding eigenfunctions 
are the functions H,(y) given in (1.7), and they satisfy IIH,II = 1 for 
any m. 
We conclude this section by pointing out the following important conse- 
quence of (2.2) and (2.7) 
Y(y, z) is bounded for any z, and Y(y, r) -PO as z + co, 
uniformly on compact sets 1yI < R with R > 0. In 
particular, II Y( . r ) II 4, w +Oast-+coforanyq~[l,oO). (2.22) 
3. A WEAKER FORM OF THEOREM 1 
In this section we shall prove the following result 
PROPOSITION 3.1. Let u(x, t), T, and x,, be us in the statement of 
Theorem 1, and let Y be the function defined by (1.8), (1.9). Then, either 
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(1.10) holds, or there exist a real constant C and a positive integer m > 3 
such that (1.11) is satisfied. 
The proof of this proposition follows from minor modifications of the 
arguments in [HV2, Sects. 4 and 51, where the blow-up case (1.16) was 
considered. For completeness, we shall sketch here the main ideas behind 
the proof, and refer to [HV2] for details. 
Consider the function Y(y, z) defined in (1.8), (1.9). To begin with, we 
notice that, in view of (2.18), Y can be written as a Fourier series 
k=O 
(3.1) 
so that the Fourier coefficients ak(r) satisfy 
a,+ (f(‘Y),H,) for k=O, 1,2 ,.... (3.2) 
By analogy with standard ODE theory, we expect that one of the modes 
in (3.1) will eventually dominate, so that 
yty~ T, = ak(z)Hk(y) as z+ co for some k. (3.3) 
A first step towards the proof of Proposition 3.1 consists in showing that 
k > 2 in (3.3). This is achieved by proving that 
lim lao( + Ial(T)l =o 
z-00 II v-7 T)ll 
(3.4) 
(cf. [HV2, Sect. 41). We then show that the following alternative holds. 
Either 
lim IIY(.,~)-a,(z)H,(.)Il,:=O r-m 
(3Sa) 
or 
lim IIY(.,z)-a:(z)Hk(.)I(H1=O for some k p 3. (3Sb) 
r-02 
The proof of (3.5) consists in a straightforward adaptation of the 
arguments in [HV2, Sect. 51. It is also shown there that when k 2 3, the 
term (f(Y), Hk) is negligible with respect to the linear part in (3.2), so 
that integrating such an equation yields 
11 ‘I/ ., 7) - Ce(‘-k12)‘ffk( .)I[ = o(e(’ pk/2)r) as z+oo. (3.6) 
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This gives at once a first approximation to (1.1 1 ), since C need not be 
positive a priori, and k is not yet known to be even. We shall return to this 
question later (cf. Corollary 5.2). 
If (3.5a) holds, we need to estimate u2(r) as r + co in order to derive 
(1.10). However, in view of (3.2), higher order terms now play an essential 
role. We then write f(Y) in (2.18b) in the form 
f(Y)= -p(l-p~l’“-p’y*+h(y)~ 4p*+j4yY), 
set 
ul(J4 z) = Q(~)H,(.Y) + KY, z), 
and notice that (3.2) gives 
b= -aa:(H:, H,)-2aa,(6, Hz) 
-a<e*, H2) + (h(Y), Hz). (3.7) 
Arguing as in [HV2, Proposition 5.73, we then observe that the second, 
third, and fourth terms on the right in (3.7) are of lower order than the first 
one as r t co. Furthermore, as computed in [GHV, HV23, we have 
(Hz, H2) =23’2(4n)-1’4. 
Since H,(y) = c2(2y2-2) with c2 = (23’2(4rr-1’4)-1, we obtain that 
a*(7) = - ((1 -P) 1’u -p’/4p) . (y*/2) as t + co. Moreover, the order of the 
convergence can be estimated as in [HV2, Sect. 53, to obtain 
y( ., z) + (47~)“~ (1-P)“(~-~) Hi 
&P 
(3.8) 
Since convergence in (3.8) takes place in Hi, it also holds in Cf;a for some 
y E (0,l). To show convergence in C:;,Y with k > 1, we argue as follows. Set 
ytv 9 T) = _ (4#‘4 (1 -P)~‘+‘) H,(y) + w(v .- 
&P 
z) 
2 * z 
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We then obtain from (2.18b) that, for any fixed R > 0, o( y, z) satisfies 
w* = wyy -yT+f(Y, z) when lyl <R, r 2 to, (3.9a) 
dY3 %I) = O,(Y) when 1.14 <R, (3.9b) 
4Yl T) = W,(T) when Iyl=R, z>~,, (3.9c) 
where w(z) (rev. 4~)~ f(y, z)) is 0(1/r,) (resp. 0(1/r& uniformly for 
1 yl< R). If we now consider (3.9) in, say, a cylinder Q, = {(y, r) : IyI < R, 
q, < z < r0 + 1 }, a standard bootstrap argument yields Ck,B-bounds for 
o( ., z) of order o( l/z,) in Q0 for any k > 1 and /I E (0, 1). 1 
4. ON SOLUTIONS WHICH SATISFY (1.10) 
This section is devoted to the proofs of Theorem 2 and the first part of 
Theorem 4. To this end, we shall proceed in several steps 
4.1. An a Priori Bound on Solutions 
We begin by obtaining the following result, which is valid for any 
solution of ( 1.1 b( 1.3 ). 
LEMMA 4.1. Let u(x, t) be a solution of (l.lt(1.3) with extinction time 
t = T. Then there exists a constant A = A(u,, T) such that the following 
inequality holds 
(4.1) 
ProoJ: We shall follow the lines of [HV3, Sect. 21, where a similar 
result was derived for the blow-up problem (1.16), (1.2). Let E, h, be 
positive numbers, and consider the functions 
(4.2a) 
U(x, t) - U(x, t; E, h), defined as the solution of (l.l), (1.3) 
with initial value cp(x; E, h). (4.2b) 
,Clearly, for any given E and h, U(x, t) vanishes in a finite time T,(h). 
Moreover, for fixed h > 0, limElo T,(h) = 0, whereas for fixed E > 0, 
lim ,,r m T,(h) = co. The first statement follows at once by comparing f with 
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the solution of the heat equation with initial value cp(x; E, h), and the 
second one can be derived by comparison with the subsolution 
z.d(x, t)=((S(t)cp(x;&,h)‘-P)-(l-p)t)lj(l--p). 
To show (4.1), we may suppose that u,Jx) E C’(R) with u,,(x) and l&(x)1 
bounded, since these assumptions hold indeed for any t > 0 by standard 
parabolic theory. Let now u.,(x, t), z+(x, t) be two real functions. Following 
Galaktionov and Posashkov [GP], we shall say that TE I2 is an inter- 
section point of ui, u2 at t = t, < 0, if ui(~, to) = uz(r, to) and 
(u,(x, to) - u,(x, to)) changes sign when x passes through the value x = r. 
We then claim that there exist E > 0 and h > 0 such that 
for any x0 E R, cp(x - x,; E, h) has exactly two intersection 
points with u,(x), (4.3a) 
T,(h) = T. (4.3b) 
To see this, we first consider the case x,=0, and select a, h, such that 
cp(x; E, h) and u,,(x) have exactly two intersection points. If T,(h) # T, we 
may reduce the problem to the case T,(h) > T by allowing h > 0 to be 
sufficiently large. We then consider the scaled functions 
22,(x, t) = I- li(1-P)~ x I 
( > &‘A ’ 
and notice that the corresponding extinction time TL is given by 
Tn = IT,(h). Thus, for a suitable A E (0, l), the scaled function ii, satisfies 
(4.3b), while still intersecting uO(x) at two points when t = 0. From (4.3), 
and the results of [GP], it follows that the number of intersections 
between u(x, t) and 6(x, t; E, h) is exactly two for any t < T. Assume now 
that T= 1. By Proposition 3.1, we have that 
u(0, t) < $0, t; E, h) < ( (1 -p)i’(i -p) + 
Al 
)log(l-t)l (1-t)+ > 
Ml-P) 
for some A, > 0. The case T # 1 follows at once by scaling, and this proves 
(4.1) for x,, = 0. Finally, when x0 # 0, we compare u(xO, t) with the solution 
of ( 1.1) with initial value cp(x - x0 ; E, h). By our assumptions on the initial 
datum U,,(X), it turns out that E and h can be selected uniformly with 
respect o x0. As a matter of fact, the constant A in (4.1) depends only on 
T, @ax,,, udx)), and @ax,,, l&(x)1). This concludes the proof. 1 
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4.2. The Proof of (1.12) in Theorem 2 
Assume now that (1.10) holds. For simplicity, we shall restrict ourselves to 
the case x0 = 0. We then show 
LEMMA 4.2. We have 
?E (T-t)- 
““-P’~([((T- t) Jlog(T- t)l)“‘, t) 
= (1 -P) 
1,(1-p) 
( 
1 _ (1 y-E’ l’(l -y 
> + 
(4.5) 
where for any fixed 6 E (0,4p/( 1 -p)), convergence is uniform on sets 
Q~=((~,~):I~I~K<(~P/(~-P)-~)“~,O~~~T}. 
ProoJ The result follows from a suitable adaptation of the arguments 
in [HV2, Sect. 61, a sketch of which is recalled here for convenience. Let 
us introduce a new dependent variable G given by 
where @, y, r, are as in (1.8). One readily checks that G satisfies 
G =G ,eyG,+G+P. GJ2 T YY 2 l-p (1-p)+G 
=AG+L. &I2 
l-p (1-p)+G 
= AG + L(G). 
We then obtain 
lim G(r A, r) = - (-$$ r2, uniformly on sets lrl < K 
z-00 
4P with K2 <-- 
1 Ip’ 
(4.6) 
whence (4.4) follows. In deriving (4.7), a crucial point consists in obtaining 
suitable bounds for L(G) as T + co. It follows at once from (2.1) that L(G) 
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Moreover, we have 
for any K> 0, there exists M= M(K, p) such that 
I@,(< &7 z)l G W& as r + 00, uniformly on sets 151 <K (4.8) 
(cf. Lemma 6.2 in [HV2]). Notice that no restriction on the constant K 
appears above. To obtain (4.4), we proceed by considering the new variable 
z = (@J, which in view of (1.8) and Kato’s inequality (zYY sgn(z) < (z(~-~ in a’) 
satisfies 
-Y$Lp@P-lz+ 1 1 z, 6 zyy ( 1 1-p-j z. 
At this juncture, we use Lemma 4.1 to obtain that 
(4.10) 
for some C> 0. We are then able to derive an upper bound for the term 
(-p@*--l) in the differential inequality for z, whereupon (4.8) follows by 
repeating the corresponding arguments in [HV2]. We next observe that the 







uniformly on sets 1 t;l < K with KS 0. 
It follows from (4.11) that 
(4.11) 
for any K<(4~/(1-17)) ‘I2 there exists y >O such that , 
@(5:&,r)~yasr+co,uniformlyonsetsI~l<K. (4.12) 
Actually, it is at this point that the restriction on the size of I</ is required. 
From (4.8) and (4.12) we deduce that 
IUG(5 &, z))l<: as r+co, 
uniformly on sets 151 < Kc (4p/( 1 -p))‘12, for some C = C(K, p), and this 
in turn is enough to derive (4.7) by using the variation of constants 
formula in (4.6), exactly as was done in [HV2, Sect. 63. u 
To remove the smallness assumption on 151 in Lemma 4.2, several steps 
are required. For any s E (0, T), we define auxiliary functions u, as 
u,(x, t)=(T-s)-l’(l-P)#(X((T-s) Ilog(T-s)~)“2,s+@=s)). (4.13) 
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It is then readily seen that, for any such s, 
(us), = 4usLx - (u.sY for XER, r>O, 
1 
where &= llog(T-s)l’ 
(4.14a) 
u,(x, 0) = (T- s)-l’(l -p’U(X((T-S) Ilog(T- s)l)“2, s) for XER. 
(4.14b) 
We next discuss the behaviour of u,(x, t) as t t T. 
LEMMA 4.3. For any fixed 6 E (0,4P/( 1 -P)), we have that 
!‘t”T v,(x, t) = (1 -p)‘l(l -p) (1 - t) - (l --p’)“” -p) 
+ 
(4.15) 
uniformly on sets Qs = ((x, t) : x2 < 4P/( 1 -P) - 6, 0 < t < 1 }. 
Proof. Suppose that x2 < 4pl( 1 -p) - 6 with 6 E (0,4p/( 1 -p)). Then, 
by (4.5), 
(1 -P)x 2 I/Cl-P) !‘-f”T u,(x, 0) = V(x, 0) E (1 -p)l’(l -P) 1 - 
> 4P + 
. (4.16) 
Now set 
z,(x, t) = (@(&I) u,(x, 0)1--p)- (1 -p)t)‘C(‘-P), 
where E is given in (4.14a). A quick computation reveals that 
(z,), G 4zJxx - (ZAP. 
(4.17) 
Since z,(x, 0) = u,(x, 0), we thus obtain 
u,(x, t) 2 z,(x, t). (4.18) 
Let A={[~lR:~~<4pl(l-p)-6/2}, B={~~R:{~>4pl(l-p)-6/2}, 
and write 
S(a) u,(x, O)'-p= (4na-1/2 jA exp (-v) u,(<, O)lAp d{ 
+ (4net)-‘/2 jexp (-@f$) us(<, O)lep d[ 
= Z,(E) + I*(E). 
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Setting (<-x)/2 fi=z in Z2(s), it follows at once that 
0,<Z2(~)<c, e I 
-“v,(x + 22 ,/ii, 0)’ -p dz 
W 
for some positive constants ci , c2, where W= {z : jz1 > cz/fi}. Recalling 
Proposition 2.2, we then have that 
lim Z*(E) = 0 
El0 
uniformly for t E [0, 1-J. 
On the other hand, 
where V(x, 0) is given in (4.16). It is now easy to check that 
lim I,, i = lim I,,, = 0, 
610 &IO 
!I$ Z(E) = !I$ z1,2(E) = iqx, 0)’ -p. 
Taking into account (4.17) and (4.18), we have obtained 
lirn?fv,(x, t)>(l-p)ll(l-p) 
( 
(I-~)- (1 -P)X 
2 M--P) 
4P > + ’ 
uniformly on QB . (4.19) 
We next use the variation of constants formula in (4.14a) together with 
(4.17), (4.18) to get 
v,(x, t)<S(Et)v,(x, 0)-J: S(&(t-r))(S(&r)v,(x, O)‘-p-(l -p)r)q(‘--P)dr. 
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We now let st T (i.e., E J 0) in the inequality above. An argument similar 
to the one already used to compute lim,,, Z,(E) shows then that 
(1 -P)x 2 l/Cl /I) lim sup u,(x, t) d (1 -p)“” pp) (1 - t) - (4.20) 
sfT 4P > + . 
Putting together (4.19) and (4.20), the result follows. 1 
End of the Proof of (1.12). We are now in a position to get rid of the 
restriction on 151 imposed in Lemma 4.2. To proceed, we set 
T-i=(T-s)(l-t), (4.21a) 
x((T-s) Ilog(T-s)()1/2=5((T-i) Ilog(T-?)1)1/2 (4.21b) 
so that 




Now take 5 such that I[/ <.R, where R > 0 is fixed but otherwise arbitrary. 
We then select t < 1 with (1 - t) small enough such that x2 < 4p/( 1 -p) - 6 
for some 6 E (0, 4p/(l -p)) (cf. (4.21)). Since lim,r, (Ilog(T - s) + 
log(1 - t)j/llog(T-s)l)= 1, it then follows from (4.13), (4.14), and (4.15) 
that 
lim (T-I)- ‘/‘l~p)u(H(T-i) Ilog(T-i)()1/2, t) 
iI T 
=$(l -t)- “(I -%l,(t( 1 - tp2, t) 
= (I_ t)-‘/(‘-P) (1 -p)‘I(‘-P) 
( 
(1 -t) 
= (1 -P) 
l,(l--p) 
( 
1 _ (1 ;;)P l’y 
> + 
(1 -p)(l -t)t2 ‘/(l--p) 
4P > + 
(4.23) 
and the proof is concluded. I 
4.3. Asymptotic Behaviour of Interfaces 
Our goal now is to prove (1.13). As a first step, we show 
LEMMA 4.4. Let u(x, t) be a solution of (l.l)-(1.3) with extinction time 
t = T, and assume that x0 = 0 is an extinction point of u. Then, for any 
E E (0,4p/( 1 -p)), there exists 6 > 0 such that 
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24(x, t) > 0 
when x2 (0, p-)-e), (T- t) Ilog( T- t)l 
T-G<t<T, (4.24a) 
2 
u(x, t) = 0 
den (T-t) ,;g(T- t), ’ 
T-G<t<T, 1x1<& (4.24b) 
ProoJ: Condition (4.24a) is a consequence of (1.12). Now let v,(x, t) be 
as before. Having shown (1.12), it follows that 
( (1 -P)X 
2 ll(l--P~ 




uniformly on sets 1x1 < R with R > 0. (4.25) 
Now take &, such that <i > 4p/( 1 -p); for definiteness, we shall consider 
the case &, > 0. We then select an interval J- [&, - L, &, + L] with 
50-L>(4Pl(l-P))“2, and notice that, by (4.25), for any 13 > 0 there exists 
s,, = s,(B) such that u,(x, 0) < 8 in J. Taking into account (2.2), Lemma 2.5 
gives 
for any 8 > 0 small enough, there exists s,, < T such that 
u,(&,, t)=O if tagI( where gi(s)=o(l) as sJ0. 
In terms of the original variables, this means that 
u(&((T-S) Ilog(T-s)))“2,s+t(T-s))=0. 
Recalling (4.21), it follows that u(n, 7) = 0 provided that 
.f-&,((T-s)llog(T-s)l)1’2 and i>&(8), where &,(0)=0(l) as 8-0, and 
t0 = {,,( t, 0) is such that for fixed t, [,,( t, 0) as 8 + 0. This concludes the 
proof. 1 
We deduce from Lemma 4.4 that there exists a compact interval Z 
containing the origin, and a time t, < T, such that, for t > to, the support 
of the solution u(x, t) remains in I. We shall restrict our attention hence- 
forth to the set Q=Zx [to, T]. For any t > to, we define [i(t), c2(t) as 
[,(t)=inf{xEZ:u(x, t)>O}, 
~,(t)=sup{xEz:U(X, t)>O}. 
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We finally show 
LEMMA 4.5. For i = 1, 2, the functions x = i,(t) given in (4.20) are 
continuous when t is close enough to T. 
Proof We shall restrict our attention to the box Q = Ix [to, T] 
described above, where U(X, t) is compactly supported in x for any fixed t. 
Then, by results due to Chen, Matano, and Mimura [CMM], u(x, t) has 
a finite number of maxima, M(t), for any time t. Moreover, M(t) is 
nonincreasing in time (cf. for instance [A, AF]). We now fix E >O and 
consider the sets 
4P (x, t):--&< 
X2 4P 
1-P (T-t) Jlog(T-t)l ‘G+” T-Gdt’T ’ 
where 6 is as in (4.23), and 
where C, =Cn (x<O>, Z,=Er\ (x20). From now on, we shall concen- 
trate on the right interface l*(t), and drop its subscript for convenience, the 
corresponding analysis for the left interface being entirely similar. For any 
t’ E [to, T], we set Z(t’) =Z2 n {t = t’}. We claim that 
For t close enough to t, u,(x, t) d 0 on I(t). More precisely, 
if XE Z(t), u,(x, t) < 0 when x < c(t), and u,(x, t) = u(x, t) = 0 
when x>[(t). (4.26) 
To show (4.26), we argue by contradiction. Assume that u,(x, t) is positive 
somewhere in Z(tl) for t, arbitrarily close to T. Then there exists a local 
maximum of u(x, t,) in Z(t,). Let r(t) be the curve corresponding to the 
evolution in time of such a maximum. By assumption, there exist 8, > 0 
and e2 > 0 such that 
Write now R(t) = u(t(t), t). By (1.12), we have that if t, is close enough to 
T, there exists QE (0, 1 -p) such that 
R(t,)<(((l-p)-u)(T-t,))““-P’. (4.27) 
On the other hand, it follows at once from (1.1) that R’(t) + R(t)P < 0, 
whence 
R(t)<(Iqt,)-(1 -p)(t- t,))‘j(‘-P). (4.28) 
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We then deduce from (4.27), (4.28) that R(t) = 0 at some time t < T. 
Since M(t) is finite and nonincreasing, and one maximum cannot split 
into several (by the maximum principle), it follows that (4.26) holds. 
Take now t* close enough to T. Clearly, lim inf,,,. c(t), lim supttr. c(t), 
lim inf,r,, i(t), 1 im supI 1 1. c(t) exist and are finite. Moreover, we have 
li; $rf i(t) = lim sup i(t), 
ryr* 
li;!nf c(t) = lim sup c(t). 
rl I* 
(4.29) 
To check (4.29), we argue again by contradiction. Assume for instance 
that lim inf, 1 ,. c(t) = a, < a2 = lim suptl f* c(t). Then there exist sequences 
{ t, 1 t*, {r:, > 1 t* such that lim, _ g) [( 2;) = az, lim, _ a, [(t,) = a,. We now 
take one such t,, and consider the problem 
z4t-z4u,,+z4~=o when x>[(t,), t> t,, (4.30a) 
u(i(tA t) = B when t>t,, (4.30b) 
u(x, t*) = 0 when x > [(I,), (4.3Oc) 
where B>maxo U(X, t). By the results of [GrP], it follows that the 
solution of (4.30) has a free boundary c(t) such that c(t)‘= 
W - 43 Ilog(t - tJl) as t 1 t,, and this contradicts the assumption 
ai < a2. The proof of the remaining statement in (4.29) is similar. 
From (4.29), we deduce that for t close enough to T, l(t-) = lim,t, c(s) 
and [(t + ) = limSl, c(s) both exist. We finally show that 
C(t-)=i(t+) for t close enough to T. (4.31) 
Indeed, assume instead that 5( t - ) # i( t + ). If [(t - ) < [(t+ ) the previous 
argument involving (4.30) yields a contradiction at once. If, on the 
contrary, C(t- ) > i(t + ), Lemma 4.6 in [CMM] shows that u,(x, t) < 0 
when x E (c(t + ), c(t- )) and we again obtain a contradiction. This con- 
cludes the proof. 1 
We are now ready to establish a weaker form of the first statement in 
Theorem 4. 
LEMMA 4.6. Assume that uO(x) has a single maximum and is symmetric 
with respect o some point x = x O. Suppose also that u(x, t) vanishes at some 
t= T. Then (1.12) and (1.13) hold. 
Proof. By Proposition 3.1, either (1.10) holds or (1.11) is satisfied for 
some real C and some positive integer m 2 3. If the second possibility were 
fulfilled, m should be an even number (by symmetry), and the corre- 
sponding Hermite polynomial H,(y) in (1.11) should have (m/2) maxima 
with m 24. Therefore, U(X, t) should also have (m/2) maxima for t close 
enough to T, which is impossible. 1 
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5. FLAT EXTINCTION BEHAVIOURS 
We shall analyze in this section the situation where (1.11) takes place 
5.1. The Proof of Theorem 3 
We begin by establishing a particular case of (1.14) 
LEMMA 5.1. Let u(x, t) be a solution of (l.lt(1.3) which vanishes at 
t = T, and let x0 = 0 be an extinction point of u. Assume also that (1.11) is 
satisfied. Then 
firm7 (T- t)r 
“(l -P)u(x, + t( T- t)“*, t) 
= (1 -P) I/Cl-P) (1 -c,(l _p)-llcl-P)Crm)l!(l-P), (5-l 1 
uniformly on sets Q,={(t, t): )51~K<(1-p)““-P’/C~,, O<t<T}, 
where c, is given in (1.7) and C, m, are as in (1.11). 
ProojI This consists of a slight adaptation of the arguments in [HV3, 
Sect. 21. As we did in Lemma 4.1 in the previous section, we just recall here 
the main steps in the proof. We set again 
G(Y, z)= WY, z)‘-“- (1 -PI 
with 4, y, T in (1.8), so that G satisfies (4.2). This time, we want to show 
that 
lim rt~ G(<e”/2-‘/“)‘, r)= -C(l -p)cmtm, uniformly on 
sets I<1 <&,-6, where rO=((l -P)~‘~~-~)/CC,)““’ and 
6 E (0, to), (5.2) 
whereupon (5.1) follows. To derive (5.2), we first obtain 
For any a < l/2 - l/m and 5, > 0, there exists it4 = M(a, 5,) 
such that 
uniformly on sets ( y 1 < 5, ear (5.3) 
(compare with (4.8)). We then parallel the proof of Lemma 2.1 in [HV3] 
to obtain 
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‘l’t”T (T- t)- “(‘-%4(&T-- t)‘“, t) 
2 (1 -PI M--P) (1 -c,(l -p)-M-~) cy)‘j(l-P), 
uniformly on sets 151 < R with R > 0. (5.4) 
It then follows from (5.4) that 
For any 5, such that 5, < to (cf. (5.2)), there exists /?>O 
such that @(<(T-t) ‘lm, t) > fl as t t T, uniformly on sets 
151 G 5,. (5.5) 
We then use (5.3) and (5.5) to bound the term L(G) in (4.6), and deduce 
(5.1) by a suitable use of the variation of constants formula in (4.6). While 
some technicalities arise now which were absent in the case considered in 
te previous section (in particular, an iterative argument involving (5.3) with 
different choices of the parameter a is required in our approach to arrive 
at (5.2)), the details of the proof are quite similar to those explained in 
[HV3, Sect. 23 for the blow-up case, and will be omitted. 1 
We now point out an interesting consequence of (5.4) 
COROLLARY 5.2. Under the assumptions of Lemma 5.1, we necessarily 
have C > 0 and m even, m 2 4 there. In particular, Lemma 4.6 holds without 
the symmetry assumption on uO(x), and part (a) in Theorem 4 follows. 
Proof. Assume otherwise that C < 0 or m odd in (5.1). Then for any 
A4 > 0, there would be a value r such that 
u(<(T- t)‘lm, t)>2M(T-t)1”‘-P’ as tfT, 
and this contradicts (2.2). To conclude, we merely notice that u,,(x) was 
assumed symmetric in Lemma 4.6 just to discard the odd Hermite poly- 
nomials in the description of the asymptotics near the extinction time. 1 
To proceed further, we now set s E (0, T), 
v,(x, t)=(T-s)-l’(l-P)u(x(T-s)l’m,s+t(T-s)) 
so that for any such s, v, solves 
(v,), = 4VsLx - v,” when XER, t>O, and ~=(T-s)l-~‘~, 
v,(x, 0) = (T-~)~“(‘-~)u(x(T-s)~‘~, s) when XE R. 
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Arguing as in Lemma 4.3, we obtain that 
lim ,tTU,(X,f)=(l--p)l’(l~p)((1-f)-Cm(l-p)~l’(l-P)CXm)lj(l~p) 
uniformly on sets 1x1 < co - 6, with 6 < &,, and &, is given in (5.2). 
To remove the restriction on the size of 1x1 above, we use a scaling 
argument analogous to that in (4.21). Namely, we set 
so that 
T-i= (T--$)(1 -t), 
x(T-s)““=[(T- 7)“” 
x = (( 1 - t)l’m. 
Arguing then as in (4.23), (1.14) follows. To complete the proof of 
Theorem 3, it remains to obtain the results stated there for the free 
boundaries arising as t t T. This is done, however, by slightly adapting the 
arguments in Lemmata 4.4 and 4.5. To avoid repetition, we shall omit 
further details. 1 
5.2. On the Existence of Flat Extinction Behaviours 
Our goal here is to establish the second existence statement in 
Theorem 4. This will be done by adapting to our current situation the 
approach in [HV3, Sect. 41, as follows. Let cl E C*(R) be such that 
cl(s) = 0 if s < 0, and consider the function 
For any given R > 0, consider now the Cauchy problem 
u, - u,, + up = 0; --~<x<++, t > 0, (5.6a) 
u(x,O)=c(x-f)+c(x+f) when XER, (5.6b) 
and denote its solution by u,(x, t). Clearly, u,(x, t) vanishes in a finite 
time T(R), and for any R > 0, the extinction set of u,Jx, t) consists at most 
of two points. We now show 
LEMMA 5.3. T(R) is a continuous function of R. 
Proof: Let R, 2 0 be arbitrary, and let {R,) be a sequence such that 
lim, + oo R, = R,. Let us denote by ii(x, t) (resp. u,(x, t)) the solution 
corresponding to R = R, (resp. the solution corresponding to R = R,; 
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n = 1,2, . ..). By standard continuous dependence results, it follows that, if 
i;(x, t) > 0 on some interval Z, then u,(x, to) > 0 on Z if n is large enough, 
so that 
lim inf T(R,) 2 T(R,). (5.7) n-m 
To conclude the proof, we notice that, by (2.7), 
qx, T(R,) - 6) < A46”(1-p) for some M > 0 
so that we have that, for large enough n 
u,(x, T(R,) - 6) < 2M6”” -p). 
A comparison argument with the first order PDE obtained by dropping the 
diffusion term in (1.1) then gives 
u,(x, t)~((2M6”“~P’)‘-P-(l -p)(t-To+G))‘i’l-P’ 
for t 2 T, - 6, whence 
and therefore 
lim sup T(R,) G T,. 
n-m 
(5.8) 
Putting together (5.7) and (5.8), the proof of the lemma is now 
complete. 1 
We next show the continuity of the extinction points as functions of the 
parameter R. 
LEMMA 5.4. Let R, > 0 be such that the corresponding solution fi(x, t) of 
(5.6) with R = R, has x = +x0 as extinction points. Then, for any E < x0, 
there exists q > 0 such that, if jR,- R,( < q, the solutions u,(x, t) of (5.6) 
with R = R, have no extinction points in [ -x0 + E, x,, - E]. 
ProoJ To begin with, we notice that, since (1.1) stays invariant under 
the transformation (4.4), we may replace u,(x, t) (resp. ii(x, t)) by a soiution 
u,(x, t) with extinction time t = 1 (resp. by v”(x, t) with extinction time 
t = l), by setting 3, = l/T(R,) in (4.4) (resp. A= l/T(R,) there). By assump- 
tion, there exists a cylinder Qs = [-x0 + s/2, x0 - s/2] x [ 1 - 26, 1 ] such 
that u”(x, t) =0 in Q6,a. By continuity, for any 8>0, there exists q >O 
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such that u,(x, t) < 8 in Qe,6, provided that (R, - R,I d q. It then follows 
from Lemma2.5 that u,(x,t)=O in Q:,,=[-x,+E, x0-&]x[l-&l], 
whence the result. 1 
We are now prepared to show 
PROPOSITION 5.5. There exists an initial value uO(x) and a constant 
C>O, such that (1.14) and (1.15) hold true with m=4. 
Proof: Consider the solution uR(x, t) of (5.6). For R = 0, u,(x, t) has a 
single maximum at x = 0 for any t < T(O), and therefore the extinction 
behaviour is described by (l.lO), (1.11). If R > 0 is small enough, there 
exists t* < T(R) such that (82~,/8x2)(0, t) < 0 for t E (t*, T(R)). This 
follows at once from Lemma 5.3 and standard continuous dependence 
results. On the other hand, it is readily seen that, if R > 0 is large enough, 
u,(x, t) has two extinction points x = fx, with x0 > 0. We now define R* 
as 
R* = sup(R>O : u,(x, t) has a single extinction point at x=0}. 
Clearly, one of the following possibilities must necessarily hold 
Collapse of maxima occurs before extinction at x = 0. (5.9a) 
There is a single extinction point at x =O, but for any 
t < T(R*), uR*(x, t) has two maxima. (5.9b) 
Extinction occurs at two symmetric points x = fx,. (5.9c) 
Case (5.9a) is easily discarded. Actually, if this happens, then 
(8*u,./8x2)(0, t)<O for t E (to, T(R*)) and some t,>O, but then, by con- 
tinuity, there would be R > R* and i< T(R*) such that (~‘u~~x’)(O, t) < 0 
for te (i, T(R*)), which contradicts the definition of R*. On the other 
hand, (5.9~) is ruled out by Lemma 5.4. Therefore, (5.9b) holds, and in 
view of Theorem 1, we must have (1.10) or (1.11) with m even, m 24. 
Actually, as r + co, the space structure of Yy,,(y, r) will be described by 
H2( y) or H4(y), since for m > 6 H,(y) has more maxima than ,!PR*(y, t). 
Assume that the asymptotics of Y’,.(y, z) correspond to H2(y). Then 
(a*/+~~) !P,.(O, r) is strictly negative for r large enough, and this 
contradicts (5.9b). 1 
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